Received: 26 March 2025

Revised: 19 June 2025

W) Check for updates

Accepted: 18 July 2025

DOI: 10.1002/aic.70016

RESEARCH ARTICLE

Process Systems Engineering

AI?BIEJ RNAL

Minimum reflux calculation for multicomponent distillation in
multi-feed, multi-product columns: Algorithms and examples

Zheyu Jiang*? |

Davidson School of Chemical Engineering,
Purdue University, West Lafayette,
Indiana, USA

25chool of Chemical Engineering, Oklahoma
State University, Stillwater, Oklahoma, USA

3Mitch Daniels School of Business, Purdue
University, West Lafayette, Indiana, USA

Correspondence

Zheyu Jiang, School of Chemical Engineering,
Oklahoma State University, Stillwater,
Oklahoma, USA.

Email: zjang@okstate.edu

Mohit Tawarmalani, Mitch Daniels School of
Business, Purdue University, West Lafayette,
IN 47907, USA.

Email: mtawarma@purdue.edu

Rakesh Agrawal, Davidson School of Chemical
Engineering, Purdue University, West
Lafayette, IN 47907, USA.

Email: agrawalr@purdue.edu

1 | INTRODUCTION

Mohit Tawarmalani® |

Rakesh Agrawal?

Abstract

In this work, we present the first algorithm for identifying the minimum reboiler
vapor duty requirement for a general multi-feed, multi-product (MFMP) distillation
column separating ideal multicomponent mixtures. This algorithm incorporates our
recently developed shortcut model for MFMP columns. We demonstrate the accu-
racy and efficiency of this algorithm through case studies. The results obtained from
these case studies provide valuable insights into the optimal design of MFMP col-
umns. Many of these insights go against the existing design guidelines and heuristics.
For example, placing a colder saturated feed stream above a hotter saturated feed
stream sometimes leads to a higher energy requirement. Furthermore, decomposing
a general MFMP column into individual simple columns may lead to incorrect estima-
tion of the minimum reflux ratio for the MFMP column. Thus, the algorithm pre-
sented here offers a fast, accurate, and automated approach to synthesize new,

energy-efficient, and cost-effective MFMP columns.

KEYWORDS
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called a distillation configuration to achieve the desired separation. As

the number of components in the feed increases, the total number of

Distillation is a ubiquitous separation technology in the chemical pro-
cess industries, consuming almost 50% of the energy used by the
chemical industries and about 40% by the refining process.’? Assum-
ing that 50% of the CO, equivalent release from process heating in
chemical manufacturing and 40% in petroleum refining are attribut-
able to distillation, distillation alone would be responsible for 95 mil-
lion tons of CO, release in the U.S. each year.3 Thus, a reduction in
distillation energy consumption also leads to reduced carbon
footprint.*

While binary mixtures can generally be separated using one distil-
lation column, multicomponent mixtures, which are more commonly

encountered in industrial separations, require a sequence of columns

possible distillation configurations increases combinatorially.> Among
these distillation configurations, many contain one or more distillation
columns with multiple feed streams and/or one or more side-draw
product streams. These configurations with multi-feed, multi-product
(MFMP) columns (see Figure 1 for an example) are well-known to be
more energy-efficient than the “sharp-split configurations” which do
not include any MFMP columns.®”

MFMP columns can also be derived from conventional one-feed,
two-product columns in binary and multicomponent distillation by

applying various process intensification techniques,®1°

including heat
pumps,***? double and multi-effect,'® intermediate reboilers and

condensers,'* prefractionator arrangement,® feed preconditioning,*®
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SEC; = BOTF, = TOPy,

An example MFMP column with three feed streams and two sidedraw product streams and a detailed illustration of liquid and

vapor flows within SEC, in which the variables in bold are component flow vectors (e.g., d**°® = (d3*?, ..., d:*®) for a c-component system). The
column section is numbered from top (1) to bottom (Nsgc = 5). The definitions of variables and parameters used here and for the rest of this paper
are summarized in Online Appendices A and B. We follow the convention that v, I, and fr, 2 0, whereas vy, lw;, and fy, <0.

heat and mass integration,*” and so on. Compared to the original con-
ventional columns, these new MFMP columns not only require signifi-
cantly less energy from the perspective of the first law of
thermodynamics, but have much higher thermodynamic efficiency
from the second-law perspective,'® making them more attractive than
alternative technologies for a variety of industrial separations.?®*?
Thus, MFMP columns are becoming increasingly important in the con-
text of industrial decarbonization and a net-zero economy, as they
can provide substantial energy-saving benefits.

The minimum reflux ratio of a distillation column closely relates

t2021 and

to its energy consumption, capital cost, and operational limi
is a key parameter in distillation design and operation. Naively deter-
mining a column's minimum reflux ratio by performing exhaustive sen-
sitivity analysis using process simulators is a tedious task that often
faces convergence issues. Instead, a fast and accurate algorithmic
approach to calculate the actual minimum reflux condition of a general
MFMP column opens up an opportunity to design new, energy-effi-
cient, and cost-effective multicomponent distillation systems. Ideally,
such a method should also have a simple mathematical formulation
that can be easily incorporated in a (global) optimization framework
for fast and accurate identification of attractive configurations from
an enormous configuration search space.

Over the past decades, a number of algorithmic methods have
been proposed to determine the minimum reflux ratio of a general
MFMP column accurately and efficiently. A comprehensive review of

these methods can be found in the first article of this series.??

However, these methods either rely on several simplifying
assumptions—some of which are too restrictive and often incorrect—
or require rigorous tray-by-tray calculations, which are computation-
ally prohibitive to be practical for evaluating a large number of config-
urations. To fill this gap, in our previous work,2??> we developed the
first shortcut mathematical model to analytically determine the mini-
mum reflux ratio of any general MFMP column entirely assuming ideal
vapor-liquid equilibrium (VLE), constant relative volatility (CRV), and
constant molar overflow (CMO). Our shortcut model is fully general-
ized as it works for any MFMP column with no particular requirement
on feed and/or sidedraw arrangement or product composition
specification. Also, the proposed shortcut model does not involve any
tray-by-tray calculations. Moreover, the physical and mathematical
properties associated with the shortcut model are explored, from
which we successfully derive the mathematical conditions for any
general MFMP column operated at minimum reflux. In addition, relax-
ations of the ideal VLE, CRV, and CMO assumptions have been inves-
tigated recently without changing the general mathematical structure
of the governing equation,?> 2 hence extending the flexibility and
applicability of our shortcut model to real multicomponent systems
even further while preserving the mathematical properties and mini-
mum reflux conditions of our shortcut model. Specifically, Mathew
et al.2 recently relaxed the CMO assumption in the shortcut model to
constant heat flow (CHT) to account for different latent heats in mul-
ticomponent systems. This extension allows us to identify energy-

efficient multicomponent distillation configurations based on heat
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1.242% and Tumba-

duty rather than surrogate vapor flow. Mathew et a
lam Gooty et al.?® relaxed the original definitions of CRV and ideal
VLE assumptions by considering it as a surrogate model for the true
VLE behavior of real zeotropic mixtures, rather than an assumption
just for ideal mixtures. This means that, for most ideal and nonlinear
zeotropic mixtures containing ¢ components, the vapor composition
of any component i € C={1,...,c} across its entire composition range

follows the relation:

aiX;

S

Yi (1)

where x; is the liquid composition in equilibrium with y; and {a,»}j isa
set of constant relative volatility values that are obtained by nonlinear
least-square regression using experimental VLE data. On a side note,
we remark that our shortcut model can even be extended for homo-
geneous azeotropic systems. For example, Jiang®’ followed a similar
derivation procedure as Jiang et al.?? and successfully extended the
shortcut model to homogeneous azeotropic mixtures and derived
the minimum reflux condition for simple columns. More recently, Tai-
fan and Maravelias® derived essentially the same shortcut model for
homogeneous azeotropic distillation in parallel and introduced an
optimization framework to synthesize attractive azeotropic distillation
configurations.

Here, we introduce an algorithmic method that incorporates the
shortcut model developed earlier to efficiently and accurately deter-
mine the minimum reboiler vapor duty requirement for a general
MFMP column separating a multicomponent mixture. This algorithm
can be used by itself to find the minimum reflux condition for a stan-
dalone MFMP column, or can be embedded into a global optimization
framework”82720 o simultaneously optimize an entire configuration
consisting of one or more MFMP columns. Later, we present three
case studies providing comparisons with rigorous Aspen Plus simula-
tions to illustrate the accuracy and usefulness of our algorithm. Also,
we show that results from these case studies could challenge some of
the widely used design heuristics and rules of thumb that researchers
and practitioners have been using. Thus, our shortcut method and the
minimum reflux calculation algorithm presented here provide new
perspectives on how to accurately model, design, and operate MFMP

columns.

2 | ABRIEF SUMMARY OF SHORTCUT
MODEL FOR MFMP COLUMNS

Before we introduce the minimum reflux calculation algorithm for
MFMP columns, we first review the shortcut model we developed
earlier?® and some of its key consequences. This includes the
mathematical conditions that dictate whether the target separa-
tion task can be achieved (with a finite or infinite number of
stages) in the MFMP column. Our previous work?? provides
detailed derivations and explanations of these results. We consider

a column section, which is separated by either a feed or a product

AI?BIFJ R NALJLHS

stream, as the smallest module of an MFMP column. The idea is
that, by constructing a shortcut model of a column section and
exploring its mathematical and physical properties, we can derive a
set of algebraic constraints that must be satisfied for each and
every pair of adjacent column sections to maintain connectivity of
the (liquid) composition profile between any adjacent sections,
hencing enforcing the feasibility of separation of the entire MFMP
column. In particular, when the target separation can only be
achieved by requiring an infinite number of stages (i.e., some col-
umn sections have to be pinched), then the corresponding reflux
ratio is the minimum reflux ratio of the MFMP column with respect
to the target separation goal.

Consider an MFMP column with Nsgc number of column sections
separated by Ng number of feed and Ny number of sidedraw streams
(note that Nsgc = Nfg +Nw -+ 1). Following the nomenclature used in
our previous work?? and herein summarized in Online Appendices A
and B, for a c-component system, let a. > ac_1 > -+ >aq =1 be the rel-
ative volatilities with respect to the least volatile component
(Component 1) obtained by fitting the VLE using least-square regres-
sion to closely capture the true VLE behavior. Given the feed and
product flow rate and composition specifications, we can determine
the net material upward flow for component i in column section k,
namely diSECk (see Figure 1). Then, for a specific section vapor flow
V3ES we can solve the following equation®? to obtain a total of ¢
roots, {yiSECk} :

iecC

PRI @
e A

Suppose d,...,d; >0, di_1,....dn1 =0, and dp,...,d; <O for some
1<h</[=zcin a column section. In other words, more volatile compo-
nents c,...,| have net material upward flows, intermediately volatile
components | —1,...,h+1 have net zero material flows, and less vola-
tile components h,...,1 have net material downward flows. It can be

verified that all ¢ roots lie in the following intervals:

SEC

i ke (a,~,a;+1) forie {1,,h}
% =a  forie{h+1,..1-1} (3)
J/;SECk S (ai_l,ai) forie {I,...,C}.

As for the edge cases, when I=h+ 1, meaning that there are no
intermediate components with net zero material flows, there are two
roots in the interval (an,a) = (an, an+1) and exactly one root in each of
the remaining ¢ — 1 relative volatility intervals (see Figure 2). It turns
out that the pinch root ;% (the subscript p stands for “pinch” and its
value corresponds to the pinch index), which determines the actual
pinch zone composition in SECy, actually lies in (ap, ). That is, the
pinch root lies in a relative volatility interval where the sign change in
d; occurs.??

For the second edge case, when h=0, meaning that all compo-
nents have non-negative net material upward flow in SEC,, we have
7% = for i€ {1,...1— 1} and y;¥% € (aj_1,a) for i€ {I,...,c}. In this

case, the pinch root ySE% =y*% € (@_1,). Additionally, if 1=1,
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FIGURE 2 Roots of Equation (2) for a five-component illustrative example where (d1,d,,d3,ds,ds) = (—0.4,0.1,0.2,0.3,0.2) for section TOPg,
(dy,d2,d3,d4,ds) = (—0.4,0.1,0.2,0.3,0.2) for feed TOP;, and (d1,d>,d3,ds,ds) = (—0.5, — 0.4, —0.3,0.2,0.1) for section BOTE;. The relative
volatilities are (a1,a2,a3,a4,a5) = (1,2,3,4,5). The section vapor flow V is set to be 8, and F; is a saturated liquid. In this case, the pinch roots

TOPe ¢ (

BOT;
7o ai,az) andy, 7 € (az,a4).

meaning that all components have net material upward flow in the

SEC, ¢

column section, we have y; (ai-1,q;) for i € C, where qq is defined

as 0. And the pinch root y3E% = 735 € (ag,a1).

Lastly, when | =c+ 1, meaning that all components have non-pos-

itive net material upward flow in SECy, we have y,.S

ie{1,..,h} and y,SECk =q; for ie {h+1,...c}. In this case, the pinch

root y3E% =7;5% & (an,any1). Additionally, if h=c, meaning that all

EC« S (a;,a,url) for

components have net material downward flow in the column section,

we have 77

Ecke(a;,am) for ieC. Here, we denote ac.1=ac+56,
where § is set to be a sufficient large number. And the pinch
root 755 — 7856 € (i),

Now that we have reviewed the key results of our shortcut

model, in the next section, we will derive the algorithmic formulation

to determine the minimum reflux ratio or minimum reboiler vapor

duty for a general MFMP column.

3 | MINIMUM REFLUX CONDITION
FORMULATION FOR MFMP COLUMNS

Recall that for c-component system, the domain of yf’Eck roots to
Equation (2) can be split into ¢+ 1 distinct intervals: (0,a1), (a1,a2), ...,
(ac-1,ac), and (ac,ac +68), where § is a sufficiently large positive num-
ber. The pinch root 73 for SEC, must lie in one of these c+1 inter-
vals. Thus, we may define a set of binary variables {Missck € {0,1}}C+1

=1
SEC, _

where ;7" =1 when the pinch root y;F% € (aj_1,;), and is O
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otherwise. Here, we denote ag = 0. This way, the pinch root must sat-

isfy the following constraints:

c+1

SEC, SEC, SEC,
Z A K Sypk S Z i
i=1 i=

Z Mssck _

Vk=1,... (4)

sNsec.

When two adjacent column sections are separated by a feed
stream F; (j=1,...,Ng), we denote the section above F; as TOPf; and
TOP; BOTFI —fir >

the one below as BOTF; (see Figure 1). Since d;
BOTe) for i€, indicating that the pmch index for

TOP
we have d; " 2d,

TOPE; would be at most the same as the pinch index for BOTg;, hence
satisfying pT°P%i < pBOTri, or:

c+1 c+1

Ziﬂi,BOij z Ziﬂi,TOPF, Vj=1,...NF. (5)
i1 i1

We define an index set T, storing all indices of intervals ranging
from max{Z,Zf;’fiy;‘TopH} to min{c,zf;'lliy,«yBOTFl} (i.e., considering
intervals within a1 and a. and excluding the two intervals (ag,a1) and
(ac,ac11))- To better characterize Tr,, we define a new set of binary

1
variables {K,?C’ECk € {0,1}}21 for column section k where:

c+1; k=1,...,

i
KfECk = Z”SmEck Vi=1,.., Nsec.

m=1

(6)

Clearly, K?Eck =0 if and only if ySECk,...,yiSECk are all equal to O.
And K?ECK changes from O to 1 at index i where yisECk:l (i.e.,
75E € (ai—1,)) and then stays at 1 for indices greater than i. Know-
ing this, it can be verified that Zr, can be equivalently expressed as:

TOP; KBOTFI

={ieClK; =1} Vj=1,..,Nk. (7)
For example, consider the same five-component system whose
root profiles for TOPg; and BOTE; are shown in Figure 2. Correspond-

ingly, the relationship between mu; and K; variables for this illustrative

AI?BIFJ R NALJLHS

With this, one of the key results obtained in our previous work??

is that, the feasibility of the target separation requires the following

constraint to the satisfies in sections TOPg; and BOTg; for

everyicTg;:
7O 2 g 2y E Y Vi€ Te; j=1,..Ng (8)
where {p;_1f}, ety satisfy:
ia"’fﬂzo o Sy i1 Nk (9)
£ %m = Pi1F, m=1%m ~ Pi-1F,
Here, pic1F € (a-1,05). Here, Ing 20, fmr 20, and Vg 20

correspond to the flow rate of component m in the liquid portion
of Fj, the feed flow rate of component m, and the total vapor flow
rate of the feed, respectively. When F; is in saturated vapor state,
then Inr, represents the hypothetical liquid feed flow that is
in thermodynamic equilibrium with the vapor feed®? based on

Equation (1):

Vm,Fi

— am

s vmeC.
k=1"a

To implement Equation (8) algorithmically, we leverage the fact that

K,,TOPF’fKEoiTF" is itself a binary variable indicating whether index

i € Ir, or not. Thus, Equation (8) can be rewritten as:

TOP;; ,BOTs,, TOP

(Ki FliK'_ 1H)(yi a,pH’F‘V)zO VieC{1v:i=1_.N 10
ory _ e sor. ieC~{1};j=1,..,Nr. (10)

(Ki ™" =Ky ") pioag — iy ) 20

When two adjacent column sections are connected by a sidedraw
stream W; (j=1,...
and the one below as BOTw;. Since d
dTOPW’ <dBOTW‘ for i€, indicating that the pinch index for section

,Nw), we denote the section above W; as TOPy;

TOP BOTw;
W —d7 " =fiw, <0, we have

example is shown in Figure 3. Following Equation (7), we TOPyw; would be at least the same as the pinch index for section
have Zf, = {2,3,4}. BOTw;, hence satisfying pT®"wi = pBOTwi_Thus, we have:
Qo 051 O|é2 s Q4 Qs as +9
1 1
TOP o =0 =11 p3=0} =01 pus=0 7 pe=0,
. 1 1 1 1
UK =01 Ky=11Ks=1! K4=1!Ks=11! Kg=1 !
I ! ' N
1 Ml: 1 /1’2: 1 'UJ3: X M4: Iu5: /1'6—
BOTy,! : : . ; ; ;
:K1:0:K2:O:K3:O:K4:1.K5:1:K6:1:
1 1 1 1 1

FIGURE 3 The relationship between y; and K; variables for the example illustrated in Figure 2. The green arrows show how the (binary)

coefficients in Equation (10) are constructed. For this example, KTOPF’

according to Equation (7).

BOTE;
—K;

TOP;

_ BOTE;
= K3

— K5O — KO K5O = 1. Therefore, Tr, = {2,3,4}
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c+1 c+1

Ziﬂi,BOTW; S Ziﬂi,Topw, Vji=1,..Nw. (11)
i-1 i=1

Similar to Zr, for feed stream Fj, we define an index set Zy, stor-
ing all indices of intervals ranging from max{Z,ijlliyinOTWi} to

min{c,zgiliynopwl}. Furthermore, Zw, can also be redefined as:
Tw, = {ieCKPO™ KO =1} vji=1,..,Nw. (12)

The feasibility of separation requires the following constraint to
hold for TOPw; and BOTw; for every i € Ty,

TOPw;

OTw; . .
Yicr Epi 1w<7, Yo VieIw; j=1,...Nw, (13)

where {f"'*lef}iezW. satisfy Equation (14) below:
J

¢ amImW- amme
d =0, or 27‘7v =1,..,Nw. (14)
m=19%m —Pi—1w; Pi-1w;

Here, pi_1w, € (di—1,a;). Here, lyw; <0, fmw; <0, and Vi, <0 cor-
respond to the flow rate of component m in the liquid portion of the
sidedraw stream, the sidedraw flow rate of component m, and the
total vapor flow rate of the sidedraw, respectively. When Wi is in sat-
urated vapor state, then I, w, represents the hypothetical liquid side-
draw flow that is in thermodynamic equilibrium with the vapor

sidedraw?? based on Equation (1):

Vmw;

’val =—In e VmeC.

Ek 1 o

Similar to how we reformulate Equation (8) for F;, we can rewrite

Equation (13) as:

BOTw; ,TOPw;,, BOT
(K" =K ") =piaw,) 20 VicC 1t =1 .. N

BOTw; TOPWJ TOPw; ieC~{1}; j=1,..,Nw.
(K; =K1 ") (i 1w ~ Vi1 20

(15)

Furthermore, as illustrated in Figure 1, a unique feature of a side-
draw stream is that the sidedraw's liquid (resp. vapor) composition
must lie on the liquid (resp. vapor) composition profile, whereas a feed
stream's liquid (resp. vapor) composition may or may not lie on the lig-
uid (resp. vapor) composition profile. The condition that the sidedraw
composition must belong to the composition profile leads to the fol-
lowing set of constraints:

KT (O™ — i) 20 VieCs {1}
—picaw;) 20 VieC {1}
(1=K o) O™ —p) <O VieC
P w,) <0 VieC Vj=1,.,Nw.

BOTw; , BOTw;
KBOTwi (, BOTw;
I (16)

(1- KBOTW,)( BOTw; _

4 | IMPLEMENTATION OF MINIMUM
REFLUX CALCULATION ALGORITHM

When implementing the algorithm developed in Section 3, there
are two approaches to consider. The first approach is to imple-
ment Equations (4-6), (10), (15), and (16) in an optimization
framework as constraints, along with the mathematical formula-
tions of the shortcut model developed in our earlier work,??
which includes Equations (2), (9), (14), and more. The resulting
formulation is a mixed-integer nonlinear program (MINLP) for
which global optimization solvers such as BARON could be uti-
lized.2* We pursue this approach when only the purity or recov-
ery of the key components in product streams is specified. In this
case, the MINLP determines the optimal distribution of other
components in the product streams such that the reflux ratio or
reboiler vapor duty requirement is minimized. To illustrate how
this approach works, in Section 5.3, we present this formulation
for a quaternary separation example in a two-feed, one-sidedraw
column.

The second approach deals with many practical applications in
which the product distributions of the MFMP column have already
been adequately specified. In this case, the search for the minimum
reflux ratio of the MFMP column becomes a fully algorithmic proce-
dure that does not require solving an optimization problem. This is

because the net material upward flows {diSEck} can be

i € Ck=1,...,Nsgc
readily obtained from mass balances, making the determination of
pinch root location (hence Z¢ and Zw sets) completely deterministic
for every feed and sidedraw stream. Therefore, we can run a
simple algorithmic procedure, as shown in Algorithms 1-3, to
identify the true minimum reboiler vapor duty requirement
(or equivalently, the minimum reflux ratio since all product flows
are fixed). Specifically, as discussed in detail in our previous
work,?? at minimum reflux condition, one of the feed or side-draw
streams essentially “controls” the separation. Accordingly, while
the feasibility constraints (Equation 8 or 13) associated with feed
and/or sidedraw streams continue to hold, the feasibility con-
straints associated with the controlling feed or sidedraw stream
will become binding (i.e., satisfied as equalities). Thus, the idea
behind Algorithms 1 through 3 is to scrutinize all feed and side-
draw streams, assuming that each of them might be “controlling”
the separation at minimum reflux, and determine whether feasibil-
ity constraints are met for the rest of the feed and sidedraw
streams. Overall, the true reboiler vapor duty (resp. minimum
reflux ratio) corresponds to the lowest reboiler vapor duty (resp.

lowest reflux ratio) at which all feasibility constraints are satisfied.

5 | CASESTUDIES

In this section, we examine a few ternary and quaternary separation
examples that illustrate the accuracy and effectiveness of our mini-
mum reflux calculation methods while providing new and valuable

insights into the minimum reflux behavior of an MFMP column.
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Algorithm 1 Vrebmin: Algorithm for determining the minimum reboiler vapor duty requirement of an MFMP
column knowing the flow rates and compositions of feed and product streams. The minimum reflux ratio R,;, can be
readily calculated from vapor balances once V¢, min is obtained, since all feed and product flow rates are specified.

input :C, Np, Nw, Nsec, {fir, }JV:Fl {lip, }j\:Fl {fi.,wy};\j;\i«, {lz,wy}jy:\%-,
d?ECl for every component i € C

output: minimum reboiler vapor duty Vieb,min

initialize: An empty list {Viep} storing candidate minimum reboiler

vapor duty values

begin

{KLSEC" Yieck=1,....Nspos

and (12);

for j < 1 to Nw do

{Vieb} and continue;

for i € Ay, do

VTOPW7 .

{Vien };

end
end
for j < 1 to Nr do

for i € ¥, do

YTOPy; .

end
end
Vieb,min = min{Viep }

end

5.1 | Example 1: Two-feed distillation column
In the first example, we examine a two-feed distillation column shown
in Figure 4 separating a ternary mixture of n-hexane (Component 3),
n-heptane (Component 2), and n-octane (Component 1). Two-feed
columns are common in extractive distillation applications. Further-
more, as recently discovered by Madenoor Ramapriya et al.,>? a large
energy saving can potentially be realized when two feed streams are
introduced at two different locations of the column compared to pre-
mixing them to form a single feed stream.

The relative volatility of each component with respect to
n-octane at atmospheric pressure is estimated from Aspen Plus to be
(az,a2,a1) =(5.1168,2.25,1). To establish a common basis for com-

parison, we ensure constant relative volatility and constant molar

Determine index sets {7, }jvjl and { Ay, }

Calculate {d?ELk}iEC; k=2,...,Nspc from inter-column section material
2C SEC)_ D e o
balances: d?h(’c =d; " — fir; if SECy, and SECj._; are
} SEC), SEC),_ .
connected by a feed stream F;, and d?EC* =d; " = fiw, if
SECy and SECj,_; are connected by a sidedraw stream W ;
Determine pinch root {'\/;Eck}k: 1,....Nsgc locations from Equation
(3) and other edge cases, then obtain {u?Ec" Yiee,k=1,...,Nspe and

Nw

;2 from Equations (7)

Solve Equations (9) and (14) to obtain {p;i_1r, Yicc\{1}; j=1,....Ne
and {p;_1,w, }iec\{1}; j=1,....Ny TOOts, respectively;

Add Veb,w, = sidedrawFeasible(], {K:‘OPWJ}Z) into the list
if Ay, = 0 then Skip and go to the next j else Continue;
- TOPw; . . .
Substitute v, < pi—1,w, into Equation (2) to obtain

Add Viep,w, = getVreb(TOPyy;, VTOPW;) into the list

if /%, = 0 then Skip and go to the next j else Continue;
. TOPg . . .
Substitute ~; ? ¢ pi—1,r,; into Equation (2) to obtain

Add Viep r; = getVreb(TOPy ), VTOPr; ) into the list {Vien };

overflow assumptions by appropriately modifying the property parame-
ters in Aspen Plus listed under PLXANT and DHVLDP.*® The IDEAL ther-
modynamic package is used. This column produces a distillate product
with a total flow rate of 52.476 mol/s containing 95 mol% of n-hexane,
5 mol% of n-heptane, and a negligible amount of n-octane. Thus, the bot-
tom product has a flow rate of 147.524 mol/s containing 0.1 mol% of
n-hexane, 45.671 mol% of n-heptane, and 54.229 mol% of n-octane.

We consider two scenarios in Example 1. In the first scenario, the
upper feed F4 in the MFMP column is a saturated liquid stream con-
taining 30 mol/s of n-hexane, 60 mol/s of n-heptane, and 10 mol/s of
n-octane. The lower feed F; is also a saturated liquid stream but with
20 mol/s of n-hexane, 10 mol/s of n-heptane, and 70 mol/s of n-
octane. Clearly, F; is less volatile (i.e., “heavier”) than F; and thus has

a higher bubble point temperature. Since the feed and product
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Algorithm 2 getvVvreb: Algorithm for checking the feasibility of separation and returning the candidate reboiler
vapor duty value.

input : column section s and its section vapor flow VSECs
output: candidate reboiler vapor duty value

begin

for k< s—1to1ldo

Calculate VSECr from VSECk+1 via vapor balances:
VSECk — VSECkn £ 57 (fiw, — liw,) if SEC), and SECy44
are connected by feed stream F;, and
VSEC — VSECkn 4 37 o(fiw, — liw,) if SECy and SECj 41
are connected by sidedraw stream W ;

Determine {ySFC*}, cor from Equation (2) using VSECx;

if the feasibility constraints (Equations (8), (13), (16))
associated with SECy, are satisfied then Continue else return
null;

end

for k < s+ 1 to Nsgc do

Calculate VSECk from VSEC -1 via vapor balances;

Determine {yS8C*}, cor from Equation (2) using VSECk;

if the feasibility constraints (Equations (8), (13), (16))
associated with SEC,, are satisfied then Continue else return
null;

end

return VS¥Cnspc
end

Algorithm 3 sidedrawFeasible: Algorithm for returning candidate reboiler vapor duty value assuming that the
minimum reflux is “controlled” by a sidedraw.

. . . . . TOPw,
input : sidedraw stream index j and index set {K; = "7},

output: candidate reboiler vapor duty value
initialize: An empty list {Vreb,w,} storing candidate minimum reboiler
vapor duty values
begin
Determine all {p;_1w, }ice\ {1} roots from Equation (14);
for m < 1 to ¢ do
if K, "/ =0 then
Substitute *,@T,LOPWJ < pm,w, into Equation (2) to obtain
VTOPW;: Add Viep,m = getVreb(TOPw, VTOPw;) into the
list {Vien,w, };
else
. TOPw . . .
Substitute ¥m 7 ¢ pm—_1,w; into Equation (2) to obtain
VTOPw; . Add Viehn = getVreb(TOPw, VTOPw;) into the
list {Vieb,w, };

end
return VSECNsec min{Viebw, }-
end
specifications are given, we determine that Z¢, ={2,3} and Zr, = {3} ratio Ryin =2.162 and the corresponding minimum reboiler vapor
based on our earlier discussion in Section 2. Substituting these index duty is Vieb min = 165.95 mol/s. The minimum reflux condition occurs
sets into Algorithms 1 through 3, we obtain that the minimum reflux when the upper feed F; “controls” the separation, in which
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FIGURE 4 A two-feed column with no side-draw product stream.

FIGURE 5 The pinch simplices at the minimum reflux condition
obtained using Algorithms 1 through 3. Hereafter, X1, X5, X3
represent pure n-octane, n-heptane, and n-hexane, respectively. The
colors of the pinch simplices match those in Figure 4. The blue dots
are the actual liquid composition profile of this two-feed column
simulated in Aspen Plus as a RadFrac column. By setting up
appropriate Design Specs in Aspen Plus to simulate the MFMP
containing 150 equilibrium stages, we obtain a minimum reflux ratio
of Riin = 2.145 from Aspen Plus. The exact pinches compositions in
SEC; through SEC; are Z, (associated with pinch root

rpEc =15F € (a1,a2)), Z3 (associated with pinch root

1 =37 € (a,a3)), and Z3 (rSE% =137 € (a,a3 +6)),

respectively. Therefore, ygEcl = ygECZ = ﬂiEc3 =1.

Equation (8) associated with i=3 in Zf, becomes the binding con-

straint (ygop”

= J/EOT” =paF,)

For this ternary separation, we can visualize its minimum reflux
condition by constructing the pinch simplicies in Figure 5 based on
our previous work.??2 We observe that the pinch simplices associated
with SEC; and SEC, share a common boundary, where F; stream
composition X, also lies. This means the two boundaries of the pinch

simplices  satisfy Z;OPH(XFi):ZEOTH(XH)iO, which

TOPe, __BOT:
V3 1= 72 !

implies

=paF, (see Figure 6 for illustration of pinch simplex;

AI?BIFJ R NALJ9;f15

k22 for detailed explanation). In

readers may refer to our previous wor
other words, the geometric interpretation of feasible separation is
that the pinch simplices of any two adjacent column sections must be
connected, and the minimum reflux condition occurs when the pinch
simplices sandwiching the controlling feed or sidedraw stream share a
common face. If the reflux ratio is further reduced, these two simpli-
ces will no longer be connected, or zgop” (Xf,) <0, and ZEOT“ (xr,) <0.
This indicates that ygop” <pyf, and yEOT” > p,f,» hence violating the
feasibility constraint of Equation (8) for feed F;. Therefore,
Rmin =2.162 is indeed the minimum reflux ratio.

We validate the minimum reflux ratio obtained from our shortcut
method using rigorous Aspen Plus simulation. Each column
section contains 50 equilibrium stages, much larger than what is
needed for this paraffin separation task. This is to ensure that the true
minimum reflux condition is achieved. It turns out that the minimum
reflux ratio obtained from our shortcut method is less than 1% differ-
ent compared to the true minimum reflux ratio (Rmin, =2.145)
obtained from rigorous Aspen Plus simulation. Also, the liquid compo-
sition profile inside this two-feed column at minimum reflux, as shown
in Figure 7, exactly follows the behavior of the liquid composition tra-
jectory bundle of a pinch simplex (see Figure 6). For more details,
readers are directed to review Sections 3.4 and 4.2 of Jiang et al.??
Specifically, since the distillate product is free of n-octane, the liquid
composition profile x, (where stage number n is numbered from top
to bottom) starting from the distillate product (n=0) must lie on the
hyperplane ziECl (x) =0 until it reaches a (saddle) pinch,3*3> which
corresponds to vertex Z, of the pinch simplex and lies inside SEC;.
Below this pinch, the liquid composition profile continues along the
hyperplane ngci (x) =0 until it reaches the lower end of SEC4, which
is connected to the top of SEC, (see Figure 7). It turns out this is
where the pinch zone lies for SEC,. Since this pinch is an unstable
node when moving downward along the column, the liquid composi-
tion profile moves away from the pinch until it reaches the top of
SEC;3. Again, the pinch zone of SEC; is located at the top of the sec-
tion, from which the composition profile follows its trajectory inside
the pinch simplex and heads toward the stable node (Z;) until it
reaches the bottom product composition. It is worth noting that, while
the n-hexane composition is small in the bottom product (0.1 mol%), it
is not negligible. Thus, although the liquid composition profile inside
SEC3 may appear to be approaching the saddle point pinch, it never
actually reaches the saddle pinch, which can be seen from Figure 7.

Next, using the same two-feed column example, we will examine
the prevailing modeling heuristics that (1) an MFMP column can be
decomposed into a series of simple columns with exactly one feed
and two products, and (2) the actual minimum reflux ratio of the origi-
nal MFMP column is simply the largest minimum reflux ratio value
determined for all decomposed simple columns (which can be deter-
mined by applying the classic Underwood method3¢), According to
column decomposition, the two-feed column of Figure 4 is modeled
as two simple columns, with one having F; as the feed stream and
consisting of SEC; and SEC,, whereas the other with F, as the feed
stream and consisting of SEC, and SEC3. In this case, it turns out that

the largest minimum reflux ratio of the two decomposed simple
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FIGURE 6 Anillustration of a pinch simplex constructed for a column section and liquid composition trajectory bundle. The pinch simplex
boundary z;(x) =0 is associated with the root y; (see Table 1 of Jiang et al.22 for explanation). And possible pinch compositions are given by the
vertices of the pinch simplex, Z;. The arrows indicate the direction of liquid composition evolution as we move downward from the top of the

column section.

1.0
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é o6 - +Octane
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g 0.2 J

0.0 ot
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FIGURE 7 The liquid composition profile retrieved from Aspen Plus at the true minimum reflux ratio of R i, = 2.145. Based on the
classifications in Lucia et al.,**%° the pinch in SEC4 is a saddle point and is located inside the column section, whereas the pinches in SEC, and
SEC; are both unstable nodes and are located at the top of their column sections. Note that the colors of these pinch zones match with their

pinch simplices drawn in Figure 5.

columns is identified as 2.618, which is significantly higher than the
true minimum reflux ratio. In other words, the column decomposition
approach overestimates the true minimum reflux in this example.
Now, we consider the second scenario where the locations of the
two feed streams are switched. In other words, the upper feed F; is
less volatile than the lower feed F,. The distillate and bottoms product
specifications remain unchanged. Using Algorithms 1through 3, we
determine that the minimum reflux ratio of this new arrangement is

Rmin = 1.683, at which the lower feed F, controls the separation. This

can be visualized from the pinch simplex diagram of Figure 8, where
sections TOPg, (i.e., SEC,) and BOTE, (i.e., SEC3) share a common

boundary, indicating that yQOPFZ

:yEOT” =pyf, is the binding con-
straint. Rigorous Aspen Plus simulation shows that the true minimum
reflux ratio is 1.738. Thus, our shortcut model gives an accurate esti-
mation of the minimum reflux ratio with a 3% relative difference com-
pared to the true minimum reflux ratio. Furthermore, if we adopt the
column decomposition method, we would end up with a “minimum

reflux ratio” that is as high as 19.714, which is almost 11.3 times as
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FIGURE 8 For the case where the upper feed is less volatile than
the lower feed, the pinch simplex diagram at the calculated minimum
reflux ratio of Ryin = 1.683. The blue dots indicate the liquid
composition profile at R =1.738, which is the minimum reflux ratio
predicted by rigorous Aspen Plus simulation.

large as the true minimum reflux ratio! Clearly, designing or operating
the MFMP column based on an incorrect minimum reflux ratio will
lead to tremendous capital and operating costs.

By examining the two scenarios, we find that the optimal feed
arrangement does not necessarily follow any particular pattern based
on its temperature. Intuitively, one might think that, to reduce energy
consumption (i.e., reflux ratio), feed streams should be placed accord-
ing to their temperatures. Specifically, a common belief is that a high-
temperature feed should be placed closer to the bottom of the col-
umn than a low-temperature feed. However, it turns out that, despite
achieving the same product flow rates and purities, the minimum
reflux ratio in the first scenario (R,n = 2.162) is much higher than that
in the second scenario (R,in = 1.683)! This finding matches the obser-
vation first made by Levy and Doherty.*® Here, we provide the
first systematic analysis of the contradictions to the common
belief that a high-temperature feed should be placed below a low-
temperature feed. Practitioners should examine carefully the opti-
mal feed arrangement when designing their columns. In this regard,
our shortcut model and minimum reflux calculation method allow
practitioners to obtain a quick and reliable screening of the optimal
feed arrangement.

52 |
column

Example 2: A one-feed, two-side-product

In this example, we study a distillation column separating a ternary
mixture of n-hexane, n-heptane, and n-octane with one feed
stream and two side-draw product streams, as shown in Figure 9.
When there is only one feed stream and both side-draw products
are withdrawn as saturated liquids, there is a common belief in the
literature (e.g., Sugie and Lu,®’ Glinos and Malone®®) that Fy will
always be “controlling” the separation at minimum reflux.

AICBE R AL 1o

D
W,

—>W
4

k&B

FIGURE 9 A one-feed column with two side-draw streams is

considered in Example 2. The colors of the pinch simplices match
those in Figure 9.

2

This assumption originates from the observation of the McCabe-
Thiele diagram for binary distillation with saturated liquid sidedraws,
where the operating lines for sections above F; continuously
decreases from the top of the column to Fq, and the operating lines
for sections below F; continuously increases from the bottom of the
column to Fq.

To verify if this result can be generalized to multicomponent dis-
tillation, we present this example where F is a saturated liquid stream
containing 30 mol/s of n-hexane (Component 3), 40 mol/s of
n-heptane (Component 2), and 30 mol/s of n-octane (Component 1).
The distillate stream contains 24 mol/s of n-hexane, 6 mol/s of
n-heptane, and a negligible amount of n-octane, whereas the bottoms
product contains 20 mol/s of n-octane and no n-hexane or n-heptane.
The upper side draw W1, which is located above F4, is a saturated lig-
uid stream with 6 mol/s of n-hexane and 24 mol/s of n-heptane. The
lower side draw W5, is also a saturated liquid stream with 10 mol/s of
n-heptane and 10 mol/s of n-octane. Once {d’.sECk},.yk are determined,
we determine that Zw, = {2},Zr, = {2,3},Zw, = {2,3}.

By applying Algorithms 1 through 3, we determine that the mini-
mum reflux ratio is Rpin =2.693, which is less than 1% different com-
pared to the rigorous Aspen Plus simulation minimum reflux ratio result
of 2.668. From the minimum reflux pinch simplex diagram of Figure 10,
we can see that sidedraw W, actually controls the separation at mini-
mum reflux. Specifically, the minimum reflux occurs when
2P (xw, ) =250 (xw,) =0, indicating that y3oT" =y30™1 =
p2w,- This is a consequence of Equation (16), which requires that the
sidedraw composition xw, must lie on the liquid composition profile,
and thus must not reside outside of the pinch simplices associated
with SEC; and SEC,. If the reflux ratio drops below this minimum
threshold, the sidedraw composition x, no longer resides within the
pinch simplices, as their boundaries z§°PW1(x):o and ZEOTWI(X) =0
would move toward X3 (pure n-hexane), hence violating Equation (13)
see Figure 11.

Now, to see what happens when we insist F4 to control the sepa-
ration at minimum reflux, we relax the feasibility constraints in Algo-
rithms 1 through 3by ignoring Equation (16). This gives a “minimum
reflux ratio” of 2.533, which is lower than the true minimum reflux
ratio. As a result, we have provided a counterexample to the common

95UB917 SUOLLLOD SA1ER1D) 9ol jdde ay) Aq peuienob ae saiiie O 8sN Jo S3|nJ oy Aelq 1 8uluo AS|1M UO (SUOTNIPUOI-PUR-SWLSI/LI0D A8 |IM" AJe1q 1 BUI|UO//:SA1L) SUONIPUOD Pue SLe | Y1 89S *[SZ02/60/8T] U0 Arelq1 auljuO AB[1M ‘9T00L D/200T OT/I0pAWod A8 1M Alelq 1 puljuoaydfe//:sdiy WoJj papeojumod ‘0 ‘S065.YST



JIANG ET AL.

12 of 15 AI?BIE] RNAL

belief that the feed stream always controls the minimum reflux operation
when sidedraws are taken as saturated liquid streams. Without incorpo-
rating the constraints related to sidedraws, one may completely ignore

the possibility that a sidedraw could control the separation at minimum

FIGURE 10 The pinch simplex diagram for a one-feed, two-
side-product column example at minimum reflux (R i, =2.693), along
with the liquid composition profile at the minimum reflux of

Rumin = 2.668 identified by Aspen Plus (also see Figure 11). The exact
pinches compositions in SEC, through SEC, are Z, (associated with
pinch root y ¢ :ygEci € (a1,a2)), Z, (associated with pinch root
o :ygECZ € (a1,a2)), Z, (associated with pinch root

p
7S5 = 1355 € (ay,a3)), and Zy (75 = 5% € (n,a2)), respectively.
Therefore, ﬂ;Eci :ﬂgECZ :,ugECs :M25c4 =1.

reflux and thus will obtain an incorrect minimum reflux ratio value that
causes infeasible separation. To the best of our knowledge, this work is
the first to derive these sidedraw-related constraints and incorporate
them into an algorithmic framework to calculate the true minimum reflux
ratio for MFMP columns. Furthermore, we remark that our proposed
minimum reflux calculation method is a generalized framework that is not

limited to single-feed columns in saturated liquid sidedraws.

53 |
column

Example 3: A two-feed, one-side-product

In the third example, we study an MFMP column drawn in
Figure 12A that separates n-hexane (Component A or 4),
n-heptane (Component B or 3), n-octane (Component C or 2),
and n-nonane (Component D or 1). The relative volatilities with
respect to nonane is are (as,as,a2,a1)=(12.332,5.361,2.300,1).
Such an MFMP column is very common in multicomponent distillation
configurations,® and it can be obtained by consolidating two simple
columns and merging the common product stream BC into a side-
draw stream. For this MFMP column, the upper feed F; (ABC) is a sat-
urated vapor stream with 30 mol/s of n-hexane (Component A),
30 mol/s of n-heptane (Component B), and 40 mol/s of n-octane
(Component C), whereas the lower feed F, (BCD) is a saturated
liquid stream with 40 mol/s of n-heptane, 30 mol/s of n-octane, and
30 mol/s of n-nonane (Component D). The sidedraw W4 (BC) is in a
saturated liquid state. In terms of product specifications, we require
that the most volatile component A must be completely recovered in
the distillate stream, whereas the least volatile component D must be
completely recovered in the bottoms product. The distributions of
intermediate components B and C in product streams, on the other
hand, are flexible. Depending on what the distributions are, compo-
nent B in SEC, and component C in SEC3 could have either net mate-

rial upward or downward flow. For instance, when component B in

1.0
0.9 - Hexane
*# Heptane
0.8
# Octane
0.7
c
S 06
@ Section 1 Section 3 Section 4
3 0.5 pinch pinch pinch
2 04
0.3
0.2
0.1
0.0¢

101 m 121 131 141 151 161 7 181 191 201

Stage

FIGURE 11 The liquid composition profile retrieved from Aspen Plus at the true minimum reflux ratio R, = 2.668. Each of the four column
sections is given 50 equilibrium stages. The pinch zones in SEC; through SEC, are located, respectively, at the bottom, at the top, within, and at
the bottom of their corresponding column sections. Note that the colors of these pinch zones match with their pinch simplices drawn in

Figure 10.
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ptimal distributions of n-hexane, n-heptane, n-octane,
TABLE 1 Optimal distributi f n-h hept t:
1 AB 1 AB and n-nonane in all product streams at Vyep, min = 71.87 mol/s.
ABC
ABC —3
2 Stream Label in Flow rate of component
2 Column U< Figure 12A A, B, C, D (mol/s)
___S>BC decomposition BC -
—_—— @ Distillate AB 30, 14.23,0,0
BCD 3 3 BC Sidedraw BC 0, 55.77,48.94,0
Add BCD Bott
> ottoms CD 0,0, 21.06, 30
4 4 Note: One can determine that diEC? =0 and dgECZ =—-15.77mol/s<0, and

\&CD \&)CD
(A) (8)

FIGURE 12 (A) An MFMP column for quaternary separation;
(B) the decomposed version of (A).

SEC, has net material upward flow (dgEC2 >0), some of component B
coming from the lower feed F; will travel all the way to the top of the
column and be produced as distillate. Because of this, the pinch root
rSEC =37 may lie in either (az,a3) or (as,as). Similarly, the pinch
root y3E% =35 may lie in either (a1,a2) or (az,a3). As a result, we
only need one binary variable, 43, to indicate whether 75E< lies in
(a2,a3) or not. Similarly, we also only need one binary variable, ygEC%
to indicate whether 735£ lies in (as,az) or not.

Furthermore, since y3- € (az,as) and y5-°° € (a1,a3), singularity
issue might arise when implementing Equation (2) in the optimization
model when pinch root yiECZ takes the value a3 and/or when pinch
root ygEQ takes the value a;. To avoid the singularity issue, we refor-
mulate Equation (2) by multiplying both sides of it by the bound factor
(e.g. (a3 —7r3F) for VES) followed by performing partial fraction
decomposition. For example, the V5% expression can be reformu-

lated as:

SEC SEC. aZdSECZ SEC
SEC E E 2 E
VIS (05 —1359) = (a5 — 137 22+ aady
a2 —y
3
a0y d5EC2
SEC 2 SEC
:azdz 2+(a37a2)75ECZ+a3d3 2,
a2 =73

which we note that di* = d3¥ = 0 because n-hexane is completely

recovered in the distillate stream and n-nonane is
completely recovered in the bottoms stream, as shown in Figure 12.
Similarly, we can reformulate the V35 expression using this tech-
niqgue. With this, we can safely bound yiECZ € (az,a4) and
yﬁECs € (a1,a3) witout concerning about the singularity issue. In Online
Appendix C, we provide all the equations and constraints needed to
determine the optimal distribution of intermediate components to
minimize the reboiler vapor duty requirement (i.e., V%) for this
MFMP column. The resulting optimization model, which is a mixed-
integer nonlinear program (MINLP), is solved to global optimality
within 15 CPU seconds in a Dell Precision 7865 workstation
(equipped with 128 GB RAM and AMD Ryzen Threadripper PRO

5975WX 32-Cores 3.6 GHz processor) using global solver BARON

thus 435 = 1. Meanwhile, d57 = 8.94 mol/s >0 and d5¥ =0, and

thus §SFSs = 1.

24.3%! via GAMS 46.5. In Online Appendix C, we provide the com-
plete MINLP formulation implemented in GAMS. The lowest possible
minimum reboiler vapor duty Viepmin (i.e., minimum vapor duty in
SEC,) is determined to be 71.87 mol/s. And the corresponding opti-
mal product distributions are summarized in Table 1.

We verify this result by performing exhaustive sensitivity analysis
using Aspen Plus. The lowest reboiler vapor duty requirement that
satisfies product requirements is found to be 77.9 mol/s, which is
within 8.3% relative difference compared to the MINLP result. The
associated n-heptane and n-octane flow rates in product streams also
match very well with the results shown in Table 1. This validates the
accuracy and computational efficiency of the global optimization
framework based on the shortcut model. Moreover, we remark that
the global optimization algorithm does more than just finding the min-
imum energy requirement of an MFMP column and its corresponding
product distributions. For example, there has been a lingering ques-
tion among the distillation community of whether all n-heptane can
be recovered from the distillate product in this MFMP column. We
can easily answer questions like this by modifying the relevant vari-
able bounds and/or by adding/deactivating related constraints in the
MINLP formulation. In this case, by introducing a new constraint
dgEci =f3F, +faF, into the MINLP formulation, the resulting optimiza-
tion problem turns out to be infeasible. Thus, we conclude that it is
impossible to recover all the n-heptane in the distillate product. Rigor-
ous Aspen Plus simulation also confirms that some n-heptane is
always drawn from the side draw, no matter how much vapor is gen-
erated at the reboiler.

Lastly, using this MFMP column as an example, we illustrate why
the column decomposition method shown in Figure 12 fails to calcu-
late the true minimum reflux ratio. The product flow rates and compo-
sitions in this example have already been specified and are listed in
Table 2. The minimum reflux ratio (which is also achieved when reboi-
ler vapor duty is minimized as product flow rates are fixed) can be cal-
culated using Algorithm 1 or the approach. In particular, it is worth
mentioning that the resulting optimization program is solved to global
optimality instantaneously during the preprocessing step. Both
approaches give the same minimum reflux ratio of R, =2.002,
which is only 0.1% different from the minimum reflux ratio of 2.000
predicted by the Aspen Plus simulation. Furthermore, this is achieved

when the side-draw BC controls the minimum reflux condition.
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TABLE 2 Component molar flow rates (arranged as n-hexane,
n-heptane, n-octane, and lastly n-nonane) of all product streams.

Stream Label in Flow rate of component
Figure 12A A, B, C, D (mol/s)
Distillate AB 30,40,0,0
Sidedraw BC 0, 30, 40,0
Bottoms CD 0,0, 30, 30

Meanwhile, the column decomposition method, which calculates the
minimum reflux ratio of two simple columns as shown in Figure 12B
using the classic Underwood method, yields a “minimum reflux ratio”
of 1.806, which is significantly lower than the true minimum reflux
ratio. In other words, if the column operates at R = 1.806, the desired
separation can never be achieved.

There are two main reasons why the column decomposition tech-
nique fails in this example. First, from Table 2, one can determine that
the component distillate flow for n-heptane (B) is greater than the
n-heptane flow rate in the upper feed F;. This means that some of the
n-heptane in the distillate must come from the lower feed F,. Like-
wise, since the component bottoms flow for n-octane (C) is greater
than the n-octane flow rate in the lower feed, some of the n-octane in
the bottoms must come from the upper feed F1. Therefore, in this
MFMP column, components with intermediate relative volatilities do
not follow the same flow pattern when the MFMP column is decom-
posed into two single columns. The second reason is that, as the origi-
nal MFMP column is decomposed into two simple columns, we lose
the possibility that stream BC may control the minimum reflux. This
results in a relaxed version of the optimization problem presented in
Online Appendix C, thereby leading to an optimal solution that is
lower than the minimum reflux ratio obtained by solving the full prob-
lem. Therefore, we must consider the entire MFMP column as a whole
when modeling its separation performance and determining its mini-
mum reflux condition, using methods such as the one presented in

this work.

6 | CONCLUSION

In this paper, we introduce the mathematical formulation that incor-
porates the model developed in the first article of the series?? to
determine the minimum reflux condition of MFMP columns for multi-
component distillation. When the full product specifications are given,
an algorithmic procedure is developed to automatically determine the
minimum reflux ratio or minimum reboiler vapor duty requirement.
When some of the product specifications are not given to users a
priori, an optimization model can be developed as an MINLP to simul-
taneously identify the minimum reflux ratio and the corresponding
optimal product distributions. We present the use of both approaches
to analyze the minimum reflux behavior of MFMP columns. In all case
studies, our minimum reflux ratio results match very well with rigor-

ous Aspen Plus simulation results.

In addition to validating the accuracy and usefulness of our pro-
posed algorithmic and optimization frameworks, the second aim of
these case studies is to reexamine some of the well-accepted design
heuristics and modeling assumptions the distillation community has
been relying on regarding how MFMP columns should be designed
and operated. It turns out that some of these heuristics and assump-
tions need to be rewritten. In Example 1, we show a counterexample
where placing a colder feed stream above a warmer feed stream,
which follows the temperature profile within the column, actually
leads to a higher minimum vapor duty requirement than if the feed
stream locations are reversed. Thus, we must analyze all possible per-
mutations of relative feed locations to determine the optimal feed
stream arrangement. Our shortcut-based approach is particularly suit-
able for analyses like this compared to rigorous process simulations,
which can be quite time-consuming to perform, especially as the num-
ber of feed streams and/or side-draw streams increases.

Another key finding is that decomposing an MFMP column into
multiple simple columns and taking the largest individual minimum
reflux ratios of each decomposed column using the classic Under-
wood method is not the correct approach to determine the minimum
reflux ratio of the original MFMP column. In fact, such a column
decomposition approach can lead to minimum reflux ratio values that
significantly deviate from the true minimum reflux ratio. On the other
hand, our shortcut-based approach considers the entire MFMP col-
umn as a whole, which is needed for accurately estimating the true
minimum reflux ratio.

Finally, when a distillation column has one or more sidedraw
streams, one of the sidedraw streams can control the separation at
minimum reflux, even when they are all withdrawn as saturated lig-
uid streams. This possibility has often been overlooked by the distil-
lation community in the past due to the lack of fundamental
understanding and systematic tools to model how sidedraws affect
the minimum reflux operation of a multicomponent distillation col-
umn. The mathematical model and algorithms developed in this
series have filled this gap, thus allowing practitioners to conduct rig-
orous, accurate analysis of columns with sidedraws for the first time.
Overall, we believe that these new findings and insights will be help-
ful in synthesizing and operating energy-efficient, cost-competitive,

and intensified MFMP columns for multicomponent distillation.

DATA AVAILABILITY STATEMENT

The liquid composition data obtained from rigorous Aspen Plus simu-
lations are transformed into the equilateral triangular coordinate as
shown in Figures 5, 8, and 10 to be visualized. The transformed liquid
composition data are provided in the Supplementary Material. The
procedure and specifications used to produce the pinch simplices for
all column sections are provided in Algorithms 1 through 3 within the
article. The optimal product distribution results in Table 1 are
obtained by the MINLP formulation provided in Online Appendix C.
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